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The time-harmonic three-dimensional finite-depth floating-body problem is reformu-
lated as a boundary integral equation. Using the elementary fundamental solution
that satisfies the boundary condition on the sea bottom but not the linearized free
surface condition, the integral equation extends over both the ship hull and the free
surface. It is shown that this integral equation is free of irregular frequencies, that
is, it has at most one solution.

1. Introduction

In his classic work on the floating body problem, John (1950) showed how the
boundary-value problem could be reduced to an integral equation over the wetted
portion of the ship hull. The kernel of his integral operator was the Green function
for the entire fluid domain with no ship present that satisfied the boundary condition
at the bottom of fluid (assumed flat) and the linearized free-surface condition on the
entire fluid—air boundary. John demonstrated the existence of irregular frequencies,
frequencies for which the integral equation was not uniquely solvable. Recently
Kleinman (1982) provided two methods of modifying the integral equation so that
there were no irregular frequencies. In one case the domain of the integral operator
was enlarged and in the other the operator itself changed, but both methods employed
John’sGreenfunction, which israther complicated, especially in the three-dimensional,
finite-depth case.

Another way to treat this problem is to employ a much simpler Green function,
one that satisfies only the boundary condition at the bottom of the fluid. Since this
does not satisfy the free-surface condition, we obtain an integral equation defined over
both the wetted surface of the ship hull and the free surface. Such an integral equation
has been derived and even solved numerically for certain cases, e.g. Yeung (1975)
and Bai & Yeung (1974). Numerical evidence indicates that this integral equation
does not exhibit irregular frequencies but no conclusive analytical argument has yet
appeared to support this conjecture.

The present paper provides a proof of the conjecture that this integral equation
has no irregular frequencies. By irregular frequencies is meant frequencies for which
the integral equation is not uniquely solvable even though the solution of the
corresponding boundary-value problem is unique. What we prove is that the integral
equation obtained using a simple combination of elementary sources is uniquely
solvable at all frequencies.

It should be emphasized that our concern here is not with uniqueness for the
boundary-value problem itself. There John required certain geometric restrictions in
order to establish uniqueness. These restrictions may be somewhat relaxed to include
hull forms with corners and non-normal intersections with the free surface (see.
Kleinman 1982). However, in the three-dimensional case treated here, we retain the
restriction that vertical rays from the free surface may not intersect the ship hull in
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order that the boundary-value problem be uniquely solvable. Our concern here is with
integral-equation formulations and the irregular frequencies that are introduced in
some cases.

It should be noted that the occurrence of irregular frequencies in integral equation
formulations of acoustic scattering problems is entirely analogous to the present case.
(See e.g. Smirnov 1964 ; Brundrit 1965; Copley 1968; Schenck 1968; Chertok 1970,
1971.) However, methods for removing the irregular frequencies in acoustic scattering
all essentially involve making the kernel of the integral equation more complicated
(e.g. Brakhage & Werner 1965 ; Burton & Miller 1971 ; Kleinman & Roach 1974, 1982).
In the present case the irregular frequencies are removed by making the kernel
simpler but extending the range of integration.

2. Notation and statement of problem

Specifically, we treat the three-dimensional floating-body problem with finite depth
h. If we denote the fluid domain by D, the hull by C,, the free surface by C; and
the bottom by Cpg, and if we denote by D_ the domain consisting of the upper-half
space and the interior of the ship hull, then the geometry may be illustrated as in
figure 1.

The function ¢ solves the floating-body problem if

Vi¢g=0 inD,, %=V on C, g—i=0 on Cy,
(1)

0
£+ k=0 on C,
and provided ¢ satisfies a radiation condition. Here 0/0n is the normal derivative

directed into D, and V is a given function. The radiation condition is specified in
the form o¢

3p ik, =O0(p~%) asp—>o0, (2)
uniformly in 8 and y. This condition may be shown to guarantee that
elkoP
$(@) =—p;—( 6)+0(p™")) asp—oo, (3)

(p,0) being polar coordinates in the free-surface water plane and k, is the positive
real root of the transcendental equation

k =k, tanh kg h. 4)
_ 1 _ 1
2nlp—q| 2r|p—q,|’
where p = (%, ¥, 25), § = (X4, Yy 24) and ¢, = (x,, —2h—yq, Zg)s and we have oriented
a rectangular coordinate system so that the plane y = 0 is the water plane and free
surface while y = — & is the bottom.
With the Green function defined in (5), which has a double strength singularity

on Cj, Green’s theorem for solutions of Laplace’s equation in D, which satisfies the
radiation condition (2) takes the form

0 0
(70,0 32— 910) 52 o, = 2(p) ), ©

Now define the Green funection
y(p,9)=

(5)

jCoUC!UCB
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' FicURE 1

with
a(p):= hmf d ds,, ()
[@B«(p)]n D+ ong
where 3B,(p) denotes the boundary of a ball of radius ¢ and having centre at p.
If ¢ satisfies all of the boundary conditions in (1) we obtain the boundary-integral
equation

wp)p@)+ | 9035 004+ [ 40| w0+,
0 q

- [ rwovea, ®

where p lies either on C, or C,. The integral on Cy vanishes since both y and ¢ satisfy
a homogeneous Neumann condition and the integral over a large cylinder vanishes
since ¥ = O(p~1) and ¢ = O(p~1), the radiation condition ensuring that ¢ has
asymptotic growth given by (3). As explained in the introduction, this equation has
irregular frequencies if there are certain values of k¥ for which the homogeneous
equation (¥ =0) has non-trivial solutions. We prove here that such irregular
frequencies do not exist.

3. Uniqueness
Specifically our central result can be stated as follows:

THEOREM. If (a) oikep

¢ = (O +0(p™) as p>o0,

®)
)91+ s@ L as+| p0)[gL+ky]as, =0
[ q 1 q

for all peCy U Cy, and (c) ¢ is continuous on Cy\ C; then ¢(p) =

Proof. The proof of this theorem depends on the growth of potentials with densities
satisfying conditions (a), (b) and (¢) of the theorem. Assume that ¢ is a function
satisfying (a), (b) and (c) of the theorem and define the functions %, and %_ in D,
and D_ respectively as

=], p0 5 woa] o[ eo+ime]a, {2

peD_’ ®)
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As will be seen shortly, an essential ingredient involves the growth of u_ for large
radial distances from the origin. Observe that since y has no singularities when
ge€Cy UGy, pe D_ and vy is a solution of Laplace’s equation it follows that

Véu_=0, peD._. (10)
The jump conditions for the double layer defined on C, U C; take the form
. @
lim 50 5 @.0ds, = “0 ) 40
P->CoUCL “CoUCr
peDy
+J P(q )an (p,q)ds,, forallpeCyuC;. (11)
CoUCt

This, together with the continuity of the single layer, implies that

lim u_@)=a(p)¢(P)+J ¢(q)aa77(z>,q) ds,

+ ¢(q[ +ky]ds for all peCyUC,. (12)

But ¢ satisfies the homogeneous equation (b) hence

lim u_(p)=0. (13)
P—>CoUCt

peD_
However, as established in the Appendix, lim,*oo #_ = 0. Hence the maximum
principle, which asserts that «_ assumes its maximum and minimum values on the
boundary, implies that u.=0 (peD.). (14)

Ou_

Therefore I =0 onC,and(, (15)

where 0/0n_ indicates the normal derivative from D_. Using the defining equation
(9) for u_, we find with the usual jump conditions for the single layer

) dy 0 _
B | 05 @adn k| 90 5 ve.0)ds+AE) 9ip) =

pYCoUCt
where 0, eC
py =1 & €0
[-— k, peC,.

Note that while existence of the normal derivative of the double layer is not
guaranteed for a merely continuous density ¢, once it is established that «_ = 0 and
hence has an ordinary normal derivative, namely zero, the defining equation for u_
ensures that the normal derivative of the double layer exists in the ordinary sense
since u_ and the single layer have ordinary normal derivatives at all points where a
unique normal exists.

Now examine the limiting values of u, as p approaches C, U C; from D,. Using the
usual jump conditions we find

0
wp) = @) -0+ | 40 2L @0 ds,
q

[

(16)

+I ¢(q)[ +ky] s PpeCUC (17)
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and, since ¢ satisfies the integral equation (),

uy(p) = —24(p), peCyUC;. (18)

Observe that since ¢ is assumed to have growth as specified in (a), equation (18)
ensures that «_(p) has the same growth on C;.
Now form the normal derivative of u, from D, obtaining

u, 0 oy Oy —
o MR LA UL RO L RN

on, On,

Since the normal derivatives of the double layer with continuous density are the same
from either side provided one of them exists, we use (16) and (18) to obtain

ou
=t = —2h(p) $(p) = AP, (20)
+
With the definition of #(p) (cf. (16)) we see that
OQu,
5‘;;—0, pECo, (21)
ou
and 5;1—=—ku+, peC. (22)
Also, g% =0, peCy (23)
+

since this property is inherited from y(p,q). Furthermore, by its construction u,
satisfies Laplace’s equation in D, and since u, also satisfies the Neumann condition
on Cj and the free-surface condition on Cj, u, has the representation, following John
(1950), ©
u, = T u,(p,0) coshk,(y+k) (p=(x*+2%)>a), (24)
n=0
where k,, are the roots of the transcendental equation (4) and a is any number greater
than the diameter of the ship hull i.e.
a > max p.
peCy

Recall that (p, 8, y) are the cylindrical coordinates of the point p. Moreover, as shown
in the Appendix, u, = O(1/pi~?%), hence

[* (6.6, 1) cosh katy+ by dy = 011/t (25)
which implies, with the orthogonality of {cosh &, (y+/)} on L,(—#,0), that
This in turn implies that alr0) = O/ e
[ unto,0) m a6 = 001/, @7)
and since the most general form of u,(p, 6) is

Un(p,0) = I [@pm H)(kyp)+bnm HE(ky p)] €7, (28)

m=—c0
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it follows that
Qum Hl |(knp)+bnm H(z)l(knp) 0(1/.0%_6)- (29)

Here H{;); ® are Hankel functions of the first and second kind respectively. The fact
that k,, is positive imaginary for » > 0 then ensures that

bpm =0 (n>0).
Then

©

u.(p,0,0) = Z Ty HRkn py €™ coshk, b

n=0 m=—o0

+ Z bom Hip) (ko p) €™ cosh kyh, (30)

and because u,(p,6,0) has the same asymptotic growth as HQ)(kyp) [cf. (18)]
uniformly in # we may conclude that b,,, = 0 which then implies that

u+(p’0’ y) z z aan(1)|(k P) etm? COShkn(y+h) (31)
n=0 m=—
Hence u, satisfies the radiation condition for —2A <y <0.

Thus u, is a solution of the homogeneous floating-body problem in D (cf. (1) and
(2)) and therefore, provided that C, satisfies the geometric restrictions of the
uniqueness proof (John 1950; Kleinman 1982), it follows that #, = 0in D, and hence
also on C U C;. Equation (20) then ensures that ¢(p) = 0 on C, U C,. That is, the only
solution of the integral equation (b) satisfying (@) and (c) is ¢ = 0. This means that
the integral equation (7) has no irregular frequencies and has at most one solution.
The existence of this solution for all k£ will be discussed elsewhere.

We remark that if the integral equation (8) has a solution ¢ on C, U C; then the
solution of the inhomogeneous floating-body problem (1) is given by

s0) =3[ $0 5  wod—3[ #0[L+ive]d,

+3] Vareow, @
forpeD, U Cg. '
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Appendix. On the growth of u,

Here we prove the Lemma needed in establishing uniqueness of solutions of the
integral equation. For convenience we restate it as follows:

LEMMA. If (a)
iky p
6= T (O+0(p™) 88 p> o0,
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) a0 s)+ | 4@ 5T dnt [ po[gL+rr|as,=0. peciuc,

(¢) ¢ 18 continuous on CyU Cy,

and
(@) uy = f¢(q)a s+, ¢(q>[ +ky]da (weD,),
then
1
u_=0(—>, asr,—»>o, 0<%
Ay B
1
and u+=0( 1_3) as pp,—> 0,
P
where 1, = |p| = (3, +yp)*

Proof. With y as defined in (5) it is clear that

L. $(@) a% ds, = 0(%), (A1)

and Lr . ¢(q)|:5a7-‘:';+ k‘y] ds, =0 (i) , (A 2)

where C; N B, is that portion of the free surface contained in the ball of radius a. It
is a bit more work to establish the growth of

L,m $(0) [j—,fq+ b Jas,.

where B¢ is the complement of the ball. Considering first the term involving the
normal derivative, which on C, is
0 0

on, 0y,

llq-O’
we find that
oy IJ""J"” (y y+2h>
—ds, = — 2P dé A3
LM& 4@ 55 dn =g |7 [~ 00 (Fia—Ya ) o (A3)
where (p, 8) are the cylindrical coordinates of ¢ on C; and
B(h) = ((xp—2z,)* + (2, —2,)* + (yp+2h)’)%.

Introduce two sets of spherical coordinates of the form

—_ 3 — ol ’
zp = rpysina cos 0, zp, = 7' sina’ cosf,
— . . —_— 7 : ’ he
x,=r,8inasin 0,, and z, =r’ sina’ sin 0p
Yp=1pCO82 Yp+2h =1 cosa’

where0< 0, <2n,0<a<n,0<a <in,r,7 20.Clearly (r,,0,, a) are the usual
spherical coordinates while 7" and a” will depend on k. Explicitly,

= (@ + 25+ (y,+ 2R = (3 + 2hy, + 4R, y =y, +2h,
hence r,/r" < 1 for 2h*+hy,, > 0, a condition always satisfied for pe D, U D_. Note
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thaty, > —h when pe D, U D_hence a’ < {n whereas a varies over a larger interval,
in fact, @ > in when pe D . In this notation

R(h) = (r'*+p*—2r'psina’ cos (0-—-01,))5, (A4)

6')/ R N il b r, cosa
JcmB% dlg )% %= 9g L L () <(r2p+p2—2rpfsina cos (6—6,)))

_ r’ cosa’
"2+ p?—2r'p sina’ cos (-6,

and

)pdpda (A 5)

It suffices to consider the first integral on the right, the analysis for the second being
identical, with +’, @', y’ replacingr,, a, y,,. For brevity we omit the subscript and denote
7, by r in the ensuing analysis and consider

e $(q) p dp db
rcosaL L (r*+ p*—2rp sina cos (—6,))

for 0 <a <. (A 8)

Using the asymptotic form of ¢ and the substitution p = rt we find
2K oo
rcosaj J ¢(q)edpd0
a ("'2+P2—

0 2rp sina cos (00— 0’,))3

__cosa 2"J°° ek Tt (f(B)+0(1))tdtde
A ar B (1+—2tsina cos(6—6,))F

Hence the integral is O(r %) for a + in. Note that this expression does not obviously
exist when a—>1n. To see what happens as a —1in observe that

- m $(q) pdp do
al:g:i roosa .[, L (r*+p —2'rp sina cos (6—6,))

2n 1
= lim — I dé
ypl_frolq: J; J ¢(q dyq ((I - ) (yp_yq)2+ (zp_zq)g)2 yq-opdp

. o
= lim i'21t'f $(@) 5~ V(P 9)ds
Ct VU B§ q

r—+Ct
peDy
=12r4(p), p,>a,
1
where Yo = ,

2n((2p — )P+ (U — Yo+ (2p— 2PN

and the jump condition for a double layer is used. Here we make no use of the
assumption that ¢ is a solution of the integral equation (b). The integral in the jump
condition vanishes for p on C’f, (¥, = 0). Now we use (a) which asserts that on Ci,
¢ is assumed to grow as O(p~#) whlch is the desired growth Hence the integral (A 6)
is O(r %) for 0 < a < . Redoing the analysis with +’,a’, y’ replacing Tp» &, Yp leads to
a similar result. Hence we conclude that

)
'f ¢(q)énl(p,q)dsq= O(r %) asr—>w, y,=—h (AT)
Ctn Ba q

Next we consider

Lmaa $(@) v(p,9) ds, = _’21? '[:" .[:) $(9) [Eﬁ+ﬁ] pdpdé. (A 8)
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Using the notation previously introduced and the asymptotic form of ¢ we must treat
integrals of the form

1= [ [Tehr O 0URIpdds
« Pt (rP+pP—2rpsina cos(0—6,))7

(A9)

0

and a similar integral with ', a’ replacing 7, a.
The term involving O(1/p) is easily handled since

J'z" J'°° elkor O(1/p)pdpdl
a Pt (r*+p®—2rpsina cos (0—0,))k

= o PHr*+p?—2rp sin & cos 6)

dtdég
h _IJ. J.o ti(1 42— 2¢ cos )3 (A 10)

0

where ¢ is independent of  and a. This is seen to be O(r7%) since the integral on the
right exists and is independent of r.
The remaining integral is of the form

I = j = j ” elkor pl f(6) dp dg
1 o (©P+p?—2rpsina cos (6—06,))}

0
-—_IJ' f(6)at el*o2 d6
ik, Jo (r*+a®—2arsina cos (0—8,)):

1 2n ik d p% 0
- 10 p
ikoj.o L © dp<(7'2+p —2rp sina cos (6—6,) )dpd (A 11)

The first term on the right is clearly O(1/r). Hence, on performing the indicated
differentiation, we have

I _ 0(1) LJ'TN J'w 1k0p 1-2 2)f dpd0
YU/ 2ik, ), pi(r?+p?—2rp sina cos (6—6,))

and letting p = rt

1 1 2n (oo e“‘o rt(l — tZ)f(g)
L= 0<?)_2iko r .[, L,, #(L+ 2 —2t sina cos (6—G,))} de dé.
We break up the ¢ integration into three parts and use the estimates

rn H elko (1 —12) f(0) dt d6
o Jajr #(1+2—2¢ sina cos (0—01,))

)
<elfl [ 470 = alsi

and

j% ro etko (1 — ¢2) f(6) dt A6
» B(1+#2—2tsina cos(0—0,))}

<olfll [ G = a1

0

where | -], is the sup norm and the constants ¢, and ¢, are independent of «, 0,7
and f, to obtain

I, = 0ph— J‘ et (1 —¢2) f(6) dt d6
! 21k r y B(1+82—2t sina cos (§—0,))’
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which we write as

_ lk rt(l_tz) dt
I, = 0 " 2ik, r‘J‘ fi6 {,[ ti(1 42— 2t sin a cos (— —0,)t

2 elko Tt (1 —y?) du
+ L ui(l+u2—2u (sin o c)os (0—01,))9} dé.
Letting v = 1/t in the second integral we get
. kgt __ oiko 7/EY (1 — g2
I, = 0(%)—m L f6) J; t%(li-t2—2tesina)c(ols (;—)-(;i,))g' (A 12)
The integral in (A 12) which we denote as I, satisfies the inequality
1 (ethe Tt —elko Tty (1 —g2) 4t
f ,[ th(1+2—2¢ sina cos (9 —0,))}
” | etk Tt — giko T/t |8| giko 1t _ giky 7/t (18
Fla ,[ ,[ £i(1 412 —2¢ sin & cos 0)

for arbitrary d € (0, 1) (we further restrict 4 subsequently) and using the estimates

(1—12)dtdf (A 13)

1
e gs<isy,
Ie“‘o rt__elk, r/tl <2,
|etkort —elkoT/t| < 4k r(1—t) G <E<1),
we obtain
(1—¢)1+4dedé
c"f"‘”rdjl ,[ 1+t2 2t sina cos 8))%’ @td

were ¢ is independent of r,, 6, and f.
But for 0 € 2 < 7 and 0 < 6 < 27 we may show that

1 < 2 < 2
1+ —2tsinacosf  1+t2—2tcosf (1 —¢)2

hence

2 1 d:dé
I, < 1"J‘ J
S 6lfleo o 4 (I+£—2tcosf)~F

The kernel is weakly singular at { = 1, § = 0 and hence the integral exists. Thus
there is a constant, c,, such that

I, <l fllo”
which with (A 12) establishes that
I, = O(*4). (A 15)
We may choose d&(0,3) to ensure that I, decays with r. A similar growth estimate

is obtained if 7', a’ replace r,a. Hence, with (A 8) we see that

L, $(0) YR, g)ds, = O ). (A 16)
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This result, taken together with (A 7), ensures that

LmB& $(q) [97—+ k'y] ds, = O(* 1), (A 17)

on,
which with (A 1) and (A 2) establishes that
uy = 0@, (A 18)
which implies, for —% < » < 0, that

u, = 0(pH).
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